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Abstract. The Cauchy problem for the Gross-Pitaevskii equation in three 
space dimensions is shown to have an unconditionally unique global solution 
for data of the form 1 + H" for 5/6 < s < 1 , which do not have necessarily 
finite energy. The proof uses the I-method which is complicated by the fact 
that no L 2 -conservation law holds. This shows that earlier results of Bethuel- 
Saut for data of the form 1 + H 1 and Gerard for finite energy data remain 
true for this class of rough data. 



/—-Aw = v{l-\v\ 2 ) (1) 



1. Introduction and main results 

The Cauchy problem for the Gross-Pitaevskii equation in three space dimen- 
sions reads as follows 

.dv 

dt 

v{x,0) = v (x), (2) 

under the condition 

v — > 1 as |a;| — > +oo , (3) 

where v : R 1+3 C. 

This problem occurs in theoretical physics, e.g. Bose-Einstein condensation 
and superfluidity see [Grj . [P ] .|SS j . 

Then one has the energy conservation law (sec below) 

E(v(t)) = J (\Vv(x,t)f + ~(KM)| 2 - lf)dx = E(v ) . (4) 

Because the solution does not vanish at infinity the standard theory for nonlinear 
Schrodinger equations is not directly applicable and it is natural to consider instead 
U = v — 1 for a solution v of ([T]) . Then u satisfies the equivalent problem 

.du 
~dt 

u(x, 0) = u {x) , (6) 

under the condition 

u ->• as \x\ -> +oo . (7) 



/— - Au+{l + u)(\u\ 2 + 2Reu) = (5) 
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The real part of the L 2 -scalar product of equation ([5]) with ^ gives 
^ J \Vu\ 2 dx + ~ f(\u(t)\ 2 + 2Reu(t)) 2 dx = 0, 

because 



1 ir fil I 

--((M 2 + 2 Reuf) = 2 Re ((1 + u){\u\ 2 + 2 Re u)-) . 
This gives the energy conservation law 

E(u(t)) = J \S7u(t)\ 2 dx + ^ j{\u{t)\ 2 + 2Reu{t)) 2 dx = E{u ) . 

In terms of v one gets ((H). Remark that no conservation of ||w(t)||i,2 holds (in 
contrast to standard problems)! 

We however get a bound for ||u(t)||x,2 = ||w(i)|| for finite energy data, which 
also belong to L 2 , in the following way. The imaginary part of the scalar product 
of equation © with u gives 

i-^||u(f)|| 2 - J {\u\ 2 + 2Reu) Imudx = 0, 

because 

Im (1 + u)(\u\ 2 + 2 Reu)u = -(\u\ 2 + 2Reu)Imu. 
This immediately implies 
d 



ntl At)\\ 2 <2 j{\u{t)\ i + 2\u{t)\ 2 )dx. (8) 



\u{t)\\ 2 <2(J(\u(t)\ 2 + 2Reu(t)) 2 dx)-i\\u(t)\\ < 2^2E(^)\\u(t)\\ 



We also get 
d_ 
dt' 

which implies 

\\u(t)\\ 2 < \\u \\ 2 + f 2^/2E(u )\\u(s)\\ds, 
Jo 

thus by a Gronwall type lemma 

||«(*)|| < \\uo\\ + y/2E(uo)t . 

For data uo e i? 1 (R 3 ) these considerations lead directly to an a-priori-bound 
of \\Vu{t)\\ 2 L2 < E(u(t)) = E(u ) , which is finite, because H 1 C L 4 by Sobolev's 
embedding theorem, and also to an a-priori bound of ||w(t)|| Together with local 
well-posedness (cf. Theorem 12.11 below - ) this shows that our problem ([5| , © . (JT]) 
(and equivalently (P , © , © ) has a unique global solution u £ C° (R, H 1 (K 3 )) . 

The original proof was given by Bethuel and Saut [BSj . Appendix A. Later 
Gerard |Gej proved global well-posedness in the larger energy space using Strichartz 
estimates in two and three space dimensions. Gallo [Gaj proved global well-posed- 
ness for more general nonlinearities for data with finite energy and space dimension 
n < 4. 

In the work at hand we are now interested in global well-posedness for data 
without finite energy, more precisely we consider solutions v = 1 + u, where u £ 
H S (R 3 ) for s < 1. We apply the so called I-method introduced by Colliander, 
Keel, Staffilani, Takaoka and Tao [CKSTT and successfully applied to various 
problems. There are two facts which complicate the problem: on one hand there is 
no scaling invariance and on the other hand no conservation law for the L 2 -norm 
of u. As usual the energy conservation law is not directly applicable for fP-data 
with s < 1. However there is an "almost conservation law" for the modified energy 
E(Iu), which is well defined for u S H s (see the definition of / below). This leads 
to an a-priori bound of ||VJti(t)||i,2, if s is close enough to 1, namely s > 5/6. 
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This can be shown to be enough for an a-priori bound also for 1 1 it (i) 1)^2, which 
together gives a bound for ||u(i)|| A local well-posedness result in Bourgain type 
spaces X s >2 + [0, T] C C°([0, T],H S ) with existence time dependent only on ||mo||// s 
completes the global well-posedness result in this space. We even get unconditional 
global well-posedness in the space C°([0, T], H s ) using a result of Kato [K]. This 
leads to the following main results (cf. the definition of the X s ' b -spaces below): 

Theorem 1.1. Let T > , s > 5/6 and u € H S (R 3 ). The Cauchy prob- 
lem (0|) has a unique global solution in X S '2 + [0,T]. This solution belongs to 
C°([0,T],H s (R 3 )). 

Combining this with the unconditional uniqueness result of T. Kato which 
we prove in Proposition 11.11 below we even get 



Theorem 1.2. Let T > , s > 5/6 and u e H S (R 3 ). The Cauchy problem 
([5prjP has a unique global solution in C°([0, T], _ff s (R 3 )). Equivalently the Cauchy 
problem (QP,(0j has a unique global solution in C°([0,T],1 + H S {R 3 )) for data 
v el + H s (R 3 ). 

The following proposition for more general nonlinearities and arbitrary di- 
mensions goes back to Kato [K . We give the (short) proof in the special case of 
cubic polynomials as nonlinearity in three space dimensions. 

Proposition 1.1. Assume uo <E H S (R 3 ). The Cauchy problem 

i—-Au = F(u,u) , u(0)=u o , 

where F[u,u) is a polynomial of degree three, has at most one solution u G 
C°([0,T],H s (R 3 )) for any T > , provided s > 2/3 . 

Proof. Let u,v € C°([0, T], H S {R 3 )) be two solutions. By Sobolev's embedding 
u,v £ C°([0,T],L~) using s > 2/3. By the Strichartz estimates (see below) for 
the inhomogeneous Schrodinger equation we get (ignoring complex conjugates, 
which play no role here) 



\\u-v\\ t ^ t 18 + \\u-v\\ L o 



L'?L 



L'i 



< II" 3 " v 3 \\ * + \\u 2 - « 2 || g + ||« - v\\ LlLi 

< \\u-v\\ ia(||it|| 2 is + |M| 2 i 8 ) 
+ \\u-v\\ L? , L 2(\\u\\ L 2 Ll + + \\u-v\\ L i 

< \\u -v\\ LiLf TH\\u\\l THg + \\v\\l rHi ) 

+ \\u-v\\ L?Ll T^{\\u\\ LTHi + \\v\\l~h £ +1) 

£ ^(\\U-V\\ L3L ^ +\\u-v\\ L oa L 2), 

choosing T small enough, which shows u = v. □ 

We use the following notation and well-known facts: the multiplier / = In is 
for given s < 1 and N > 1 defined by 

hTf(0 ~m N (Om, 

where ~ denotes the Fourier transform with respect to the space variables. Here 
mjv(0 is a smooth, radially symmetric, nonincreasing function of |£| with 

1 \t\<N 

N ' 



mjv(0 



(^) 1 " s \H\>2N 
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We remark that / : H s — > H 1 is a smoothing operator, so that especially E(Iu) is 
well-defined for u e H S (R 3 ) (remark that iJ x (K 3 ) C L 4 (R 3 )). 

We use the Bourgain type function space X m,b belonging to the Schrodinger 
equation iu t — Au — 0, which is defined as follows: let ~ or T denote the Fourier 
transform with respect to space and time and J 7-1 its inverse. X m,b is the com- 
pletion of <S(R x M 3 ) with respect to 

WfWxm,* = \\(O m (r) b He-' ltA f(x,t))\\Ll T = \\{O m {r + \e) h mr)\\ LlT , 
For a given time interval I we define 

For s > and 1 < r < oo we denote by H s,r the standard Sobolev space, i.e. the 
completion of C^°(R 3 ) with respect to 

||/|| ff ..r = ||^- 1 ((0"/(0)IU- 

We recall the following facts about the solutions u of the inhomogeneous 
linear Schrodinger equation (see e.g. |GTV| ) 

iu t -Au = F , u(0) = /. (9) 

For b' + 1 > b > > V > -1/2 and T < 1 we have 

Nlx^[o,T] < +T 1+b '- b \\F\\ Xm . b , [0 , T] . 

For 1/2 > 6 > b' > or > b > b' > -1/2: 

11/ ||jsf"*.&'[o,T] ~ Tb b \\f\\x"^i>[o,T] 

(see e.g. [G], Lemma 1.10). 

Fundamental are the following Strichartz type estimates for the solution u of 
© in three space dimensions (see |CH) . |KT| ): 

IMU«(I,L<-(R3)) < ||/||l2(R3)) + ||^Hl9'(7X-'(R3)) 

with implicit constant independent of the interval Jcl for all pairs (q,r), (q,f) 
with q, r, q, f > 2 and ^ + #- = 1, 4 + 4 = 1, where 4 + 4=1 and 4 + ^ = 1. 
This implies 

||^IU«(J,i'-(K3)) < ||^|| x oi+ (/) ■ 

For real numbers a we denote by a+, a + + , a— and a the numbers a + e, 

a + 2e, a — e and a — 2e, respectively, where e > is sufficiently small. 

Of special interest is also a bilinear refinement, which goes back to Bourgain 
[B] . namely the following frequency localized version in three dimensions: 

Lemma 1.1. Let Uj be given with suppuj C {|£| ~ Nj} (j = 1,2) , N\ < N2. 
Then the following estimates hold 




Proof. For a proof of (jTUJ) we refer to Bourgain [B], Lemma 5 or Griinrock [G] . 
([TT]) follows by interpolation of (|10p with the crude estimate 

\\ u l u 2\\ L l t ^ IMIi^Lg+H^llz,!^- < iV 1 1+ ||wi|| x0i i + ||w 2 |l x o,l+ , 

using c LfLl" and Sobolev's embedding C □ 
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The paper is organized as follows: in chapter 1 we prove two versions of a 
local well-posedness result for (JS]),©, namely u £ X s ' 2 + [0,(5] for data u e H s 
with s > 1/2, and a modification where VIu € X°'2 + [0,<5] for data VTuo € L 2 , 
which is necessary in order to combine it with an almost conservation law for the 
modified energy E(Iu). In chapter 2 we use these local results and bounds for 
the modified energy given in chapter 3 in order to get the main theorem. It is 
namely shown that the bounds for the modified energy are enough to give also a 
uniform exponential bound for the L 2 -norm of u(t) and as a consequence for the 
iJ s -norm for u(t), which in view of the local well-posedness results suffices to get a 
global solution. In chapter 3 we calculate j^E{Iu) for any solution of the equation 
i^jf — AIu+I((l+u)(\u\ 2 + 2 Reu)) ~ 0. The most complicated part is to estimate 
the time integrated terms which appear in jjjE(Iu). Finally we show that these 
estimates control the modified energy E(Iu) uniformly on arbitrary time intervals 
[0,T], provided s > 5/6. 

2. Local well-posedness 

The following local well-posedness theorem is more or less standard. 

Theorem 2.1. Assume s > 1/2 and uq G H s (M. 3 ). Then the Cauchy problem 
([5l),(Gt) is locally well-posed, i.e. there exists Tq = To(|| u o||ff s ) such that there exists 

a unique solution u e X s -2 + (0,T ). This solution belongs to C°([0, T ], H S (R 3 )). 

— 4 — 

Tq can be chosen such that Tq ~ min(||uo|| ff s S_1 ,1). 
Proof. We have to estimate ||F(u)|| s _i + , where we define 

F(u) = (l + u)(\u\ 2 + 2Reu) . (12) 

We want to show 

IIMM x ,-i+ + <^-|M|^ i+ , 

where here and in the sequel we skip the interval [0,T] in the X s ' b [0, T]-spaces. 
We ignore complex conjugates, because they play no role here, and use a fractional 
Leibniz rule and duality to reduce to the estimate 

\\v?{Dyui>\\ Llt <T s -i-|M|^ i4+ |Ml x o, 4 - . 

We have 

\\u 2 {DYui,\\ Llt < || M 2 (^)^|| itl+L ,||^|| Lr - L , 

< \\u\\l t+L J(D) s u\\ L , L eJij\\ x0ii __ 

< \\u\\ 2 Lt+m ,4u\\ xSt i + U\\ x0 _i__ 

< r s ^-|| u ||i ? ^hll xs ,i + ll^ll x oi- 
S r-*-Nli. li+ ll*Bw— 

where £ = \ + § , so that H s ' r C L 6 , and c L 2 L & X by Strichartz, and 

i = , so that I = 3(| - i) , thus X s 'i+ C L q t H^ r by Strichartz' estimate. 
Similarly we get by Strichartz' estimate and Sobolev's embedding 

thus 

\\u 2 \\ xS ,_ i++ <T^\\u\\ 2 x ^ + . 

Finally 

IN x *,-i ++ £ Ti-\\u\\ L , H . < T 1 ~\\u\\ xS> i + . 
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Similar estimates hold for the difference ||.F(u) — F(v)\ The standard Pi- 
card iteration shows the claimed result, where T < 1 has to be chosen that 
T s ^2-\\u \\j ls < 1 and ||uo||if s 1 . Thus the choice as claimed in the theorem 
is possible. □ 

Remarks: 1. A similar proof in spaces of the type F v t U x could also be given. 
This goes back to |CW| . where s = 1/2 is included, but in this limiting case the 
existence time depends not only on Hitoll-F/ 3 - 

2. Theorem 12. II shows that in order to get a global solution it is sufficient to have 
an a-priori bound of if s > 1/2. 

We next prove a similar local well-posedness result involving the operator I. 

Proposition 2.1. Assume s > 1/2 and VJuo G L 2 (M. 3 ). Then (after application 
of I) the problem @),(0|) has a unique local solution u with Viu G X°'^ + (0,6) and 



where 6 < 1 can be chosen such that 
( 6 s ~i- 6§~ 



||V/ti ||i a ~l. (13) 



Proof. The cubic term in the nonlinearity will be estimated as follows: 

\\VI( Ul ,u 2 , us)\\ x0 .- i++ < + + *H I] UVIuill W+ (14) 

This follows from 

A := / / M(Z 1 ,Z 2) &)]lu i (Z i ,t)$(U,t)dZ 1 dZ 2 dZ 3 dt 4 dt 
Jo J* 



\ 3 



< 



where 



m(6)m(6)m(6) I6II6II6 



and * denotes integration over the region {J2t=i 6 — 0}- We assume here and 
in the following w.l.o.g. that the Fourier transforms are nonnnegative. We also 
assume w.l.o.g. |£i| > |6I > 161- 
Case 1: \^\ > |&| > |6| > N. 

We first estimate the multiplier M, If |£x + 6 + 61 > N we get 



^(6,6,6) < n< 



&ki-. ^ 16+6 + 61 

TV J 

< 11(f) 1 - — — - 



,_ t I6+6+6I 1 " 8 I6II6II6I 

J_ 

L iv ; I6II6II6I ~ I6ll6l^d 



kiki-.JV 1 -'! 61 s ^ i 



and if |6 + 6 + 61 < ^ we have 



M(a,6,6) < f[(f ) 1 - s ^^r S A FfSm S 



i=l 



^ ; I6II6II6I ~ |6|.jva<i-«) - i^ia^iajvad- 
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as before. This implies by Holder's and Strichartz' inequality and Sobolev's em- 
bedding 



< 



^ i=? ||^|| £r - £S ||«l|| x o.i + ||«2|| £ |L S ||u3|Ufi 



5 s - i- 

i=l 

where ± = I - % , I = s - ± such that H s > r C L 6 with i = \ + f and i = § - 

q 2 2 1 q 2' r 6 3 q 4 2r 

Case 2: |6| > 161 >^> 161- 

The multiplier M is estimated as follows: if |6 + £2 + 6 1 > N we get 

|£llM_a,NM_. 16 + 6 + 61 < 1 



M(6,6,6)<(^) 1 - s (^ 1 ) 



v iv ; I6+6 + 6I 1 - 5 I6II6II6I ~ Ifeh^JV 1 - ' 

and if |6 + 6 + 61 < N we also have 

I6Ui-„I6Im-. n < 1 



M(6,6,6)<(^r- S (^r) 



v ^v' I6ll6ll6m6l s l6l^v 1 - S 

This implies by Holder, Strichartz and Sobolev 
1 



A < 



^iiv-ii^^jitiiiu^sii^ (i&r'^iUfxsii^ni&r^iUris 



1 



^m 52 HV'llif- z,2 II «i lUfxg I W2 lUfij l|-"3 1| i? = 



< 

1 _ 3 

i=l 



where 5 = 5-3, C L% for ± = \ + § , thus ± = f - £ and X°^+ C L?L^. 
Case 3: |6| > iV > |6I > 161 and |6| » 161 , or N > |6| > 161 > 161- 
In these cases we have M(6,6,6) ^ \b\\£ 3 \ ' ^ us 



a < iiviiLs t ii« 1 iii»i S ii^ 1 (i6r 1 ^)iu r z5iiJ 7 - 1 (i€3r 1 ^)iu r z S 

S **-|Ml^.i~nHlw+ 



X 
i=l 

similarly as in case 2. This implies (|14p. 

Next we have to estimate the quadratic terms in the nonlinearity. We want 
to show 

||VJ(uit* a )|| Jc0 ._ i++ < ^-||V/«i|| Jc0 , 4+ ||VJu a || Jc o.J + . (15) 
which follows from 

B := f [ Af(6,6R(6,«6, 0^(6, ^6^6* 

Jo J* 

£ *^ _ IKII x o^ + ||«2|| jc d,^ + ||V'II x o,4— , 

where * denotes integration over the region {6 +6+6=0} and 

m(6+6) 16+61 



M(6,6) 



m(6)m(6) l&H&l 
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Assuming w.l.o.g. |6I > |6| we first consider 

Case 1: |6| > N. 

If |6+6| > N we have 



M(6,6)<(^r s (^) 



l£ilu-.,l&lu_ a iv < i 



n ' v n ' I6+6I 1 " 8 I6II6I ~ I6I S ^- 

and in the case |6 + 61 — N we also get 

|6Iu_J6Im_ s iV < 1 N'N 1 -' < 



at ' v jv y I6II6I ~ ^v 2(1 - s) 161161 s ~ I6I S ^- 

so that by Strichartz' estimate using s > |: 

< -^-||VILo,*-IKILo,A + ll-F- 1 ( 1 ^ ' 



Case 2: N > |6|- 

If 161 » 161 we have M(6 +6) ~ m (7S£L\ ~ > whereas ' if &l ~ we 
have |6 + 61 ^5 an d TO (6) ~ TO (6) ~ TO (6 + 6) ~ Ij which leads to the same 
bound for M(6,6)- Thus 

-1, 



B < \\nLl t \\ui\\ LiLl \\T-\-^)\\ L?L% < 5»-||V|| Jf o.i_||«i|| Jf o.i + ||«2|| x o,i + 
Finally 



||V/tt|| x0> _ i++ < 5?-\\VI U \\ xo ,o < 5 1 -||V/ U || x0 ,i + . 

Similar estimates hold for the difference ||V/(F(u) — ,-i+- 
A Picard iteration leads to the desired solution in [0,(5], where S < 1 has to 
be chosen such that 

l|v/«o||i, < 1 , ^-||v/ Uo ||i2<i, 

]^=7l|V/«o|li a < 1 , ^-||V/uo|U a <l. 

□ 

Remark: We want to iterate this local existence theorem with time steps of 
equal length until we reach a given (large) time T. For this we need to control 

|| VIu(t) || L 2 < c{T) V0<t<T. (16) 

This is achieved for uq 6 H s and s > 5/6 by giving uniform bounds of the modified 
energy E(Iu(t)), which is done in chapter 3. 

3. Proof of Theorem 11.11 



Proof. Let us assume for the moment that (1161) holds and show that this leads to 
the claim of Theorem 11.11 We thus have an a-priori bound for our local solution 
of Proposition [2Tl on any existence interval [0,T], namely of 

||v/u(f)|U= ~ \\m(U)\\mm\<N } ) + \\\t\'G{t,t)\\L>m>N}) Nl " ■ 

What remains to be given is an a-priori bound for ||u(i)||£2 as a consequence of 
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Lemma 3.1. On any existence interval [0,T] of our solution u £ X S '2 + \0 ] T] we 
have ||ii(i)|| L 2 (R3 ) < c(T) . 

Proof. We smoothly decompose u = ui + ui with suppui C {|£| < 2} and 
suppu2 C {|£| > 1}. Then we have by Gagliardo-Nirenberg 

||«||£3 < ||til|| L s + ||«2|Us < ||Vwi||J 2 ||ui||J 2 + |||C|^ 2 || L 2 

< ||V Ml ||| 2 || Ul ||J 2 + |||C| s U2 ||f 2 || M2 ||^* 

< ||V Ul ||i 2 + |K||| 2 + ||n 2 ||t 2 + ||| J D| s u 2 ||^ K ) 
so that by (JUJ) and (T7|) we get on [0,T]: 

H«(*)lli3 < \\\^,t)\\h + IM*)ll!= + \\Mt)\\h + 111^(^)11^ 



gives 



< C(T)(||u(t)||| a + l) 



d 



iit Mt)\\h<c"(T)(\\u(t)\\l 2 + i). 



so that Gronwall's lemma gives 

\\u(t)\\l 2 + l<(\\u \\l 2 + l)e c "^ T 
on[0,T]. □ 

Combining Lemma l3~Tl with (|16l) and (|17p we get an a-priori bound of || jt s - 
Together with Theorem 12.11 we immediately get Theorem ll.il □ 

4. Estimates for the modified energy 
Application of the operator I to equation (|S|) gives 

d 

i—Iu-AIu + IF(u) = Q, (18) 

with 

F(u) := (l + u)(H 2 + 2Reu) . 
We define the modified energy 

E{Iu) = J \VIu\ 2 dx + ^ J(\Iu\ 2 + 2ReIu) 2 dx. 

Of course one cannot expect that it is conserved, but we want to show an almost 
conservation law for it. We calculate its derivative as follows: 

j t W u ) = 2 Re (~AIu+(\Iu\ 2 +2 Re Iu)(l+Iu), Iu t ) = 2 Re (F(Iu)-IF(u), Iu t ) 

by replacing AIu using (|18p . Next we replace Iut again by use of (ITS)) and get 

jE(Iu) = Im({V(F(Iu)-IF(u)),VIu) + {F(Iu)-IF(u),IF(u))) 

< \{V(F(Iu)-IF(u)),VIu)\ + \{F(Iu)-IF(u),IF(u))\. (19) 

In order to control the increment of E(Iu) by (TT9")) on the local existence interval 
[0, 5} we have to estimate several terms. We assume from now on s > 3/4. 
1. Let us first consider the first term on the right hand side of (|19p . Here and in 
the following we ignore complex conjugates, because they are of no interest. We 
want to show 

rS \(v(i(u 3 ) - (iu)%viu)\dt < tv- 1+ ||vhi 4 w+ . 
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This follows from 



A = \ f f M(6,6,6)nW'*)^ 2< ^ d S**l~ JV " 1+ f[ll u *llw+' (20) 
J ° J * i=l i=l 

where * denotes integration over the region £j = 0} and 

|m(6 + 6 + 6) - ™(6M6M6)I 16 +6 + 61 



M(6,6,6) := 



m(6)m(6)m(6) 16 1 16 1 16 



We assume here and in the following that the Fourier transforms are nonnegative 
w.l.o.g. In most of the cases we perform dyadic decompositions with respect to 
where |&| ~ N. t with N. t = 2 fe * , k t e Z. In order to sum the dyadic parts at the end 

we always need a convergence generating factor N o+ in , where N m i„ and N max is 

■* * max 

the smallest and the largest of the numbers Ni, respectively. N max > N > 1 can 
be assumed in all the cases, because otherwise our multiplier M is identically zero. 

In the term at hand we also assume w.l.o.g. N\ > N 2 > N 3 and Ni > N. 
Case 1: Ni > N 2 > N 3 > N N A < JVi ~ iV ma:c . 
We have for s > 3/4: 

M6,6,6) < (tfHtfHtf)' 



JV ' N N N X N 2 N 3 
Thus by the bilinear Strichartz estimate (fTTj) we get 

, AT 1 . i . A^2 N i , N 3 s 1 1 . . . . . . . . . . . 

a < (^r) 3 (^r)M^r) 3 ^ll«i«3ll^ f ll"2|| irL 3-h4|| L?L a + 



1+ - 4 



< 



< 



iV 7 V 7V 7 N N 2 N 3 at*- z 4 11 " 

JV 1 4—1 



m 



A^ 4 A^ATf i=1 
tA^tn An 

0+ ATI- 11 II"' 



Case 2: iVx > 7V 2 > TV > AT 3 . 

This gives the same bound as in case 1 (without the factor (^)*). 
Case 3: N x > N > N 2 > N 3 and Ni > N 2 . 
By the mean value theorem we get 

M(6 6 6) < |Vm(Cl)61 ^ < ^ ^ 

leading as in case 1 to the bound 

~ ^iVTAgVa 11 

s at, n N t n H , An,,,, 

ATj 2 i= i ^v maa; jv , =1 

This proves (f!HI)) after dyadic summation over Ni, N 2 , N 3 , N4 . 
2. We next want to show 

rS |(V(/(u 2 ) - (/ U ) 2 ), V/u)|dt < Ar- 1+ ^-||VJu||t ,x + 
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\ u i\\ x o,±+ ) 



which follows from 

/><5 /* 

S = | / / M(ei,6,6)n^^'*)^^^3*| < iV- 1+ «5*- XI I 
• / ° i=l t=l 

(21) 

where * denotes integration over the region {X)j=i 6 = 0} and 

, ^ M6+6)-^(6M6)l 16+61 
J«(,?i,?2,43j ■— tt^ — 7c~\ ft lie I • 

™(6M6) 16 1 16 1 

Assume w.l.o.g. |6I > 161 and |6| > N => |6| < 16 1 ~ N max . 
Case 1: 7V 2 ~ iV 3 > AT. 
We have 

M(6,6,6) < | * „ < ■ 

N(6J| N-2 N N 2 

Using H°+' 3 C L 3 + and C we get 



,jV 2s i 1 „ , „ ^ 5i~N? + NS + A, 



^-(iA<+) -rr 

Case 2: iVi - iV 3 N 2 < N x . 

Because (see above) N\ < AT 2 we have iVi ~ iV 2 ~ iVa, which was already consid- 
ered in case 1. 

Case 3: |6I ~ |6| => 161 < 161 and |6| « 16 1 ~ |6|- 
a - If |6I ^ ^> we get as in case 1 

M(6,6,6) < 77^ i £ M^ih ~ ^ • 
™(6)I6I ^ |6I iv 

Thus by Strichartz' estimate 

b $ jf n ii^n^ ^ § n iKii^fLs ^ 77 n ■ 

2—1 2—1 2—1 

b. If |^3 1 < N we estimate 

M(6 6 6)~ l(Vm)fe)e3l ~-<- 

leading to the same bound as in a. 
This proves (12"TT) . 

3. Next we consider the second term on the right hand side of (TlUl) and want to 
show 

|(/( U 3 ) - (Ju) 3 , /(u 3 ))^ < iv- 2+ ||v/ u ||^, + . 
This means that we have to show 

c = \ f f M(^,...,f a )]ifii(6,t)dei...de6«i<^- a+ nii«;ii v ,,i . (22) 
^° i=i i=i 

where 



"»ll x o,±+ > 



M , , = H6 +6 + 6) -?^(6M6M6)I m(6 + 6 + 6) n ,_i 

m(6)m(6)m(6) m(6)m(6)m(6) f = V 

Assume w.l.o.g. A/i > iV 2 > N 3 , Ni > N and N±> N 5 > N 6 . 
Case 1: N 4 > N 5 > N 6 > N. 



12 



HARTMUT PECHER 



a. Ni > N 2 > N 3 > N. 
We have 



6 ,N< 



i=l i=l 

Thus by Strichartz and Sobolev: 

6 N 6 



N ' 

i=l t=l 



6 



£ SL^ Ar|A,|Ar|+A,|+ n iKii - i+ 



< 



< 



1AN — A II II 

1JJNI x o,i + 



A^+A^ 4 iV 4 0+ A^ 4 AT§ f=i 



1 A JV° t 



6 



b. N 1 >N 2 >N>N i 

This can be handled similarly as case a. without the factor (^r) 3 ■ Thus 



1 A iV 0+ 6 

~ /v°+ n ii w "'ii x o.i+ • 

"rani'" i=1 

c. ATi > N > N 2 > N 3 . 

This can be handled as case b. without the factor (-7(f) 4 leading to the bound 

jV 3 * + Jv| + A,, ,, ^ lAiVl A,, 

G ~ "~ i — i — i — i — II \\ u i\\ x o, 1+ £ —rz — T~ \\\\ u ^\x°-i+ 

N*NjN*N*NZA N* Nl N 1 1 



1 A iVH 



6 



<- -' ' ' ^ ' min I I 11 || 
- /V°+ W2- 11 H^ll x o,l+ • 

Case 2: N 4 > N 5 > N > N 6 . 
a. Nx > N 2 > N 3 > N. 

This is handled like case la. without the factor (^f-) 3 and gives 

c < A Ne 3 r lliNiw^ 0+ :: u \ J NU 

N£ N£ Ni f=i A^+A^ 4 N% N£ Ni " 

6 



1 A AT°t, 

»=i 



< TTll?;-l 1 

~ /V°+ ^2- ll" w »"x°.*H 
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b. Ni > N 2 > N > Ni 

coco 1Vi iTnf Vi/~\nf fVio to n+ rw I 

JV 



It can be handled like case lb. without the factor (jf-)* leading to 



Nj + Nj + A lAiVl A 

6 ~ "I 1 1 S~ 11 \\Ui\\ a.t+ £ n ^ i_ n ^ i_ HIHI y o 

NfN£N£N£N i= i N° + N£ A^+A 5 2 AT~=i 



lAJVl A 

N 0+ N 2- 11 H Uj 'lx°-f- 
J v max 1 v ■ i 



c. iVi > A > iV 2 > A 3 . 

f" Vl ICS to/lf AV I „ 



As in case lc. without the factor (^-) 4 we get 



c ~ — — i — i — i — r llll u *llx-°,4+ ~ ~iz — i — ~ — - II ll^ill i 

A/A^ A 4 4 A 5 4 Af i=1 A x 4 A 4 4 A 5 4 iVi f=i 



1 A A°+, 



6 



Case 3: A 4 > AT > A 5 > A 6 . 
a. iVi > A 2 > A 3 > A. 
We have 



M(ex, ...,&)< n^ 1 n^r 1 - 

8=1 t=l 

Thus by Strichartz and Sobolev and the bilinear Strichartz estimate ([lip wc 
3 iV - i 6 

c ~ II^) 1 n^lkill^isll^lUriill^Mi^lkslkslluellLs 

t=l 2=1 

i=l i=l A 4 i=l 



< 



N$ + (N* + + Nt)(Nt + NZ ) ^ || U . 



<x"-2- 



/V°+ AT3- 11" "x -2- 



< 



1 A A°+ 



fi 



7V°+ A72- 11 11 l "X°'2- 



Similarly as in case a. without the factor (-jf-)* we get 



b. ,Y| • .Vo > .V > A3 

c < A 3 U+ (A|- + Nj-)(Nr + Nj-) j-r 
« 1+ (lAiVl) 



A 4 A 2 3 AJ~A3 r=i * 2 



1 A A° + , 



»=i 

6 
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C. Ni > N > N 2 > N 3 . 

The multiplier is estimated as follows using the mean value theorem 
M(f t\ < i m (& + & + &) Ai,* 1-1 



i=l 

6 , T 6 



l(Vm)(6)(6 + TT ,-i ^ N 2TT |-1 

H6)l ii 1 -^ifj 1 ' 



Thus we get by Sobolev and Strichartz: 

C ~ IT 7V ^ 1 ll^-l II II -"2 1| ||-^3 II II II j^e- || ti 5 1| ll^ell j^^= j^g-H 



iVi* 

1=1 



N 6 6 

s /n^ i ^ 3 i+ ^v^niMw+ 

1 i=l i=l 
N 2 N$ + N% + A I, 
1 4 »=i 

6 



< 



J, mai JI j =1 

Case 4: iV > 7V 4 > #5 > ^6- 
a. iVi > AT 2 > N 3 > AT. 
We have 

c < )^(§)'n^r i ii-iii^Nii^nii^ii^ + 

i—l i—3 



* (^) i (f) i (f)*n^w^ + nNii^.i + 

i=l i=l 

< ^ ^ 4 f 6 ,^ 6 niKn^+ 

N*N*Ni f=i X 



6 



< 



1 A 7V 0+ 

/vo+ Z7- n ii w "'ii x o.i+ • 

h. N\ > N 2 > N > N 3 . 

We get the same bound as in case a. without the factor (^r) 3 leading to the same 
estimate. 

c. iVi > AT > 7V 2 > iV 3 - 

This case cannot occur, because X^i=i £» = 0- 

4. Next we aim to show 

jf' \(I(u 3 ) - (Iuf,I(u 2 ))\dt < JV-*+||V/«||^ , i+ , 

which follows from 

D = \[ f M(^,...,^)f[u i ^ i ,t)d^...d^dt\ <A r - f+ Ill|^|| x0 ,i + , (23) 
■ /o • / * i=l i=l 

where 

M((: t N +6 +6) - m(6H6)mfe| m($ 4 + £ 5 ) Aki-i 

to(£i to &)m(£ 3 m(^ 4 )m(^ 5 ) 
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Assume w.l.o.g. Ni > N 2 > N 3 , Ni > N and N A > N 5 . 

Case 1: N 4 > N 5 > N. 

a. iVi > iV 2 > N 3 > N. 

Thus by Strichartz and Sobolev: 



5 5 

D % II(§) 4 II^r 1 ll«ilUr^ll^ll^sll u 3ll i » L ^||«4|| i?LS -||«5|| i 

»=1 i=l 



< 



5 » T 5 



i— 1 2—1 Z— 1 



/V 4 + A J 4 + 5 

< r 3 s 5 s 5 iiikw 

N*N*NjNi tl 

1 A /V + 5 



b. Ni > N 2 > N > N 3 . 

As in case a. (without the factor we get the same estimate. 

c. Ni > N > N 2 > N 3 and N x > N 2 . 
The multiplier is estimated as follows: 



MZi + 6 + &) - ™(giM6M&) m(fr +&+&)-m(gi) 

1 m(£i)ro(&)m(&) ' ~ ' m(&) ' 

| (V™)(fr)(fr+6) | < ^ 
' m(Ci) 1 ~ JVi 

Thus as in case a. we get 



TVi v AT y v TV 

N'NiNi f=i X 

1 A /V 0+ 5 
<- ' ' 1 v mm I I || | 

~ N°+ Ni- ll 11 + 



Case 2: Ar 4 > > iV 5 . 

a. iVi > iV 2 > N 3 > N 

As in case la. (without the factor (-^r) 3 ) we get the same estimate. 

b. Ni > N 2 > N > N 3 . 

As in case la. (without the factor (-^) 3 (-^) 3 ) we get the same estimate. 

c. Ni > N > N 2 > N 3 . 

As in case lc. (without the factor (jf)*) we get the same estimate. 
Case 3: N y> N 4 > N 5 => Ni ~ N 2 > N, because Ya=i 6 = °- 
a. Ni <~ N 2 > N 3 > N. 
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By Strichartz and Sobolev and the bilinear Strichartz estimate (jTTJ) we get 



3 ,N< 



D ~ 11^)* Yi N i 1 \\ U ^\\LlJW2\\ L 2 L l-\\u4 L?L 6j\u 5 \\ LrL l+ 
t=l i=l 



i=l i=l JV X j=l 



- 5_ 3 7 11 IM| 0.1 + <; Q + 11 ll U »llyO,l + 

A^ 4 7V 2 4 7Vf f=l ACt*^ AA - - 



b. ATi - AT 2 > N > N 3 . 

Without the factor (^)*) we get the same estimate as in case a. 
5. Next we want to show 



5 l(/( u 2 ) - (iuf,i(u 3 ))\dt < N-i+\\viu\\: ' 

o A 



We have to prove 



E =\f I M(^,...,^)l[u i ^ i ,t)d^...d^ 5 dt\ <N-^ + f[\\ui\\ x0ii+ , (24) 
"' i=i i=i 

where 

»w f f x +6) - ra(£i)m(g 2 )| TO (6+g4 + Cs) Ale i-i 
M(£l,.„ ,§5] .= — - — — — - — — — — II & . 

Assume w.l.o.g. N 3 > N A > N 5 , Ni> N 2 and N x > N. 
Case 1: N 3 > N 4 > N 5 > N. 

a. Ni > N 2 > N. 

This case can be handled exactly as in 4. case la. 

b. Ni > N > N 2 . 

We get by use of the mean value theorem for the first fraction and estimating 
similarly as in 4. case la. (interchanging the roles of u 2 and u 3 ): 

5 », 5 5 



e * f n(f) i n^^ + nii- :! ,^ 

2—3 2—1 2—1 



iv 2 1+ ivj + 

r«J 3 3 3 „ j I I ■ ■ ' 1 1 v 1 

N?N£N?Ni i= i 

1 A N 0+ 5 



Case 2: N 3 >N 4 >N> N 5 . 
a. AT X > N 2 > A/. 
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By Strichartz and Sobolev we get 

4 N 5 

E < n(^)"n W r 1 |l«llUr^ll U 2|| L?L rll«3||L ? L S ll«4||L r L S h5|| Lri a + 
i=l i=l 

i=l j=l i=l 

< -#i-nww + 

< lAjV°+„ A 

■'»max- iv 2 j =1 

b. iVi > 7V 2 > iV 2 . 

By the mean value theorem we get as in a. (slightly modified): 

i— 1 i— 1 



< 



N°+NrN°+ * 



N^N^Nz i= i 

1 A /V 0+ 5 
<- ly min I I II | 

~ /v°+ /vl- 11" '"W- 



Case 3: 7V 3 > iV > 7V 4 > A/5, 
a. ATi > iV 2 > AT. 

The second fraction is bounded, so that as in case 2a. we get 

i=l i=l 



< 



< 



II ii u »II^-o,Jh 



N*N*N 3 m r=i 

1 A ^mm TT II., || 



b. A/i > N > N 2 . 

Using the mean value theorem and interchanging the roles of u\ and w 2 in case a. 
gives 
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Case 4: N > A3 > N A > N 5 => Ni ~ N 2 > N, because J2 Li & = °- 

This gives by Strichartz, Sobolev and the bilinear Strichartz estimate (fTU|) we get 

A~ A^ ^ 

e < (^)^(^)^n iY r 1 ll MiU3 II^JI" 2 llL?irll U4 llir^ll u 5llL r ^+ 



JV 7 N 

1=1 



5 xt 5 



i=l j=i 



< 



< 



/V°+ 5 

m 



l ^ N rrL A I 



^0+ Arf- 11 ii l "x '^ 



6. Next we want to prove 

' - (Iuf,Iu)\dt < Ar- 3 +||V/ U ||t ,i 



n 



which follows from 

rS 



f = i / / M(e 1 ,...,^)f[tti(e 4 ,t)dei...de4*i<jv-^f[iiu i || w+ 
" , ° • y * i=i i=i 

where 

t f N l"^(6 + 6 + 6)-^(Ci)^(6)™(6)l Air- i-i 

M (£1,52, 53 J ■= 7^ T^T TXT I I « 

Assume w.l.o.g. A^ > AT 2 > A^ 3 and Ni > N. 
Case 1: AT > JV 4 . 

a. ATi > N 2 > N 3 > N. 

By the bilinear Strichartz refinement (jlip we get 

3 4 

e $ ri(f ) i n Ar r i n^4ii^iiu 1U3 ii^ 

i=l i=l 
3 N- , 4 Af 1+ /V 1+ 4 

i=l i=l iV 2 A x i=i 

< ^ ^4 TT| I < lAJV mm yr 

b. ATi > Ar 2 > AT > N 3 . 
Similarly as in case a. we get 

2 AT 4 AA + AT x + 4 

i=l i=l JV 2 iV x i=i 

AT0+AT0+ 4 + 4 

< ^ ^4 TT|| i < !AjV min -pr 

c. ATi > AT > A^2 > A3. 

This case does not occur, because J2t=i £» = 0- 
Case 2: N 4 > AT. 

a. Ni > N 2 > N 3 > N and 

b. Ni > N 2 > N > N 3 can be treated as in case 1. 



(25) 
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c. Ni > N > N 2 > N 3 => Ni ~ N 4 . 

By the mean value theorem and the bilinear Strichartz refinement (fTTj) we get 

No A 

1 1=1 



< 



f=i ^ iV 4 2 f=i 

~ ~~ 5 ~ 11 \\ u i\\ x o,i+ £ at0 + , n 11 M v-o,£ + • 

7. Next we prove 

5 |(/( u 2 ) - (/ U ) 2 , (/ u ) 2 )Mt < iv- 3+ ||v/ u ||^, i+ , 

which follows from 

F=| / / M(a,...,a)n^te'*Ki-^| <N- 3+ H\\ Ui \\ x0>i+ 
Jo J* i=1 i=1 

where 

4 

nf , f t t N M£i +&) -ra(£i)ra(&)| ^(6 + ^4) TTifi-i 

Assume w.l.o.g. Ni > N 2 , Ni > N and N 3 > jV 4 . 
Case 1: 7V 3 > iV 4 > AT. 
a. ATi > N 2 > N. 

By the bilinear Strichartz refinement (jf ip we get 

4 r 4 

i=l i=l 
4 N- , 4 /V 1+ /V 1+ 4 

s n<#>*n»r'4r^ii>iiw+ 



i=l i=l 



AT 4 + AT 4 + 4 -. A/0+ 4 

< 7 7 nHiw^^^rlliNi^- 



b. iVi > N > N 2 . 

By the mean value theorem we get 

Z— 1 JV-^ JVg 1=1 

7V 2 1+ A^ + * f AiV ? + ra * 

£ -|— |— 7 11 ll«ill Jc o,4+ S ^0+ ^ 11 IMI x o.i H 
A^ 2 iVg 4 A^2 i=1 Jv max iv i=1 

Case 2: 7V 3 > JV > 7V 4 and JV 3 > N t . 
a. TVi > N 2 > N. 



(26) 
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We get similarly as in case la. 

i=l i=l iVj iV 3 j=i 



< 



< 



n 



(II V 0,i + 

JVj 4 7V 3 5 TVf 

1 A N 0+ 4 
n TTlNI o* 



b. iVi > N > N 2 . 

By the mean value theorem we get similarly as in case la: 

Mi JV? iV 3 2 f=i x 



A^ 2 iV 3 2 i=l ^max-lV i=1 



Case 3: AT > N 3 > N± Ni ~ N 2 > N, because J2t=i & = 0. 
We get by (fTTjl: 



,JVi,i,JV 2 ,i 4 



A 7 " TV 



8. Finally we prove 

r<5 







|(/(u 2 ) - (Iuf,Iu)\dt < N-i + Si\\WIu\\l 0>h+ , 



which follows from 

5 3 3 

G= \ I f M(^, ..^^ll^iC^m^d^dtl < N--2+S^f[ 

Jo J * „-_i 



lit 

i=l 



where 

M ( 6,6,6) :- |m(6+ ^:^; )m(6)l fi^r l 

m(£i)m(f 2 ) ^ 

Assume w.l.o.g. ATj > Af 2 and ATi > AT. 
Case 1: N 3 >N. 
a. ATi > N 2 > N. 
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By Strichartz and Sobolev we get: 

g < (^) i (^) i n^r 1 lk 1 |l^sll^lUr^ll"3lU St 



N N 

i=l 



,JVia,JV 2 

* (§)*(f)*n^**niKiiw- 

i=l i=l 

■ — ^ — **17ini oi + < l L N "r 5^\\\\u 

,i, T i ll 11 ~ aiO+ 111' 



b. iVi > AT > A^ 2 and JVi > A^. 
Using the mean value theorem we get 

3 3 

g s f n^r^^n^w 

i=l i=l 

Case 2: iV > N 3 => Ni ~ iV 2 > N, because ^Li = °- 



By (fTT|) we get the estimate 

,Ni^i,Nt 



3 



TV ' v AT 

i=l -iVj j=i 
7vr0+ 3 i a a T 0+ 3 

5 n IWI -"' 4 * s n i- w ■ 

N2N2 j=i iVmoxiV2 , =1 

This completes the estimates for the increment of E(Iu) on the local existence 
interval [0,(5] in terms of the parameter N, 

We recall our aim to give an a-priori bound of || V/u(t)||x,2 (cf. (|T5j) ) on any 
interval [0, T]. We want to show this as a consequence of Proposition 12.11 and the 
estimates for the modified energy just given. 

We assume N > 1 to be a number to be specified later and s > |. Let data 
Uq 6 H S (M. 3 ) be given. Then we have 

I|vm>II 2 l2 < llieMOII^Hiei^ + ll^-iei^Oll^tti^i^}) (28) 

< WN'-^Mmh^) = N^\\u \\% 3 < N 2 ^ . 
This immediately implies an estimate for E(Iuo). We namely have for s > - 



ll Ju o||l«(R3) < IIM)||*3 < ||wo||h 



4' 

.. < llunlli. 



and trivially ||/«o||f^ ll u o|||2- Thus using the definition of the modified energy 
and ([25]): 

£(/u ) < c Af 2(1 - s) . 

From this we get 

||VJu ||| 2 < c iV 2(1 - s) . 
Our local existence theorem (Proposition 12. lj) shows that the Cauchy problem 
©.([H]) has a unique solution u with Viu € A"°'2 + [0, 5] and 

||VJu(*)||i a < HV/u||^ 0ii+M < 2||VJu ||| 2 < 2c N 2 ^ . 
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Here 6 can be chosen subject to the conditions (fT3|) , namely (because s > 1/2): 
max^-^^-jV 1 - 5 ,^-^!-*)) ^ i ^ - 1 



AT4(1- S )+ ■ 

In order to reapply the local existence theorem with time steps of equal length 
we need a uniform bound of || V-Ttt(t)||z,2 at time t = 6, t = 26 etc., which follows 
from a uniform control over the modified energy. The increment of the energy is 
controlled by (TT5|) and the estimates of this section as follows, provided s > 3/4: 

\E(Iu(5)) - E(Iu )\ 

< N- 1+ \\WIu\\\ >1+ +N- 1+ S^-\\WIu\\ 3 gl+ +iV- 2 +||Wii|| 6 1 + 

11 "x°'2 + (0,<5) 11 "x°'2 + (0,(5) 11 N J>f -2 + (0,5) 

The last two terms can be neglected in comparison to the others. Thus we get 
\E(Iu(6)) - E(Iu Q )\ 

One easily checks that the first term is the decisive one, so that 
\E(Iu(6)) - E(Iu )\ < ciJV-i+A^U-s) , 

where c\ = ci(co). This is easily seen to be bounded by CoiV 2 ^ 1_s ' for large N. 
The number of iteration steps to reach a given time T is f ~ TN^ 1 - 3 ^. This 
means that in order to give a uniform bound of the energy of the iterated solutions, 
namely by 2cqN 2 ( 1 ~ s \ from the last inequality, the following condition has to be 
fulfilled: 

ClN -^+ N M^) TN i(i- S )+ < CoiV 2(i- s ) t 

where c\ — c\{2cq) (recall here that the initial energy is bounded by cqN 2 ^ s ^). 
This can be fulfilled for N sufficiently large, provided 

-1 + 4(1 - s) + 4(1 - s) < 2(1 - s) s > 5/6 . 

This gives the desired bound for ||V/u(t)||i2 on any interval [0,T], i.e. (|16l) is 
proved. As explained above this completes the proof of our Theorem ll.il 
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